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Onium-onium scattering at high energy is used to illustrate a
dipole picture of high energy hard scattering in the large Nc limit.
Single and double BFKL pomeron exchanges are calculated in the lead-
ing logarithmic approximation. An expression is given for the triple
pomeron coupling when one of the pomeron’s momentum is zero while
the other two have momentum transfer, t. This expression is explicit
and could be evaluated numerically. It has a (−t)− 12 singularity at
t=0.
1. Introduction
The Balitsky, Fadin, Kuraev and Lipatov (BFKL)[1-3] pomeron is one of
the most intriguing objects in perturbative QCD. It applies to processes which
are at the same time hard processes and high energy processes. Although in
principle it is straightforward to measure experimentally[4-8], in practice the
necessary data are hard to get. On the conceptual level perhaps the simplest
process where the BFKL pomeron applies is in very high energy onium-onium
scattering. For a sufficiently heavy onium state high energy onium-onium scat-
tering is a perturbative process since the onium radius gives the essential scale
at which the running coupling is evaluated. For s/M2, with M the onium mass,
large but not too large it is a good approximation to neglect the running of
the coupling completely in which case the onium-onium cross section behaves
as σ ∼ exp{(αP − 1) ln s/M2} with αP = 4αCAπ ln 2. The growth of the cross
section violates unitarity bounds when (αP − 1) ln s/M2 becomes large. When
1
M2 is large enough this violation of unitarity occurs in a regime where the fixed
coupling approximation is valid. Multi-pomeron exchanges should slow the rate
of growth of the cross section to keep it consistent with unitarity.
From the partonic point of view the growth of the cross section in onium-
onium scattering has a simple interpretation. A high energy onium state con-
sists of a heavy quark-antiquark pair and a large number of soft gluons. In the
large Nc limit this system can be viewed as a collection of color dipoles[9,10].
Then in the center of mass of a high energy onium-onium scattering the cross
section can be understood as a product of the number of dipoles in one onium
state times the number of dipoles in the other onium state times the basic (en-
ergy independent) cross section for dipole-dipole scattering due to two gluon
exchange. The cross section grows rapidly with energy because the number of
dipoles in the light-cone wavefunction grows rapidly with energy. When that
number becomes sufficiently large the single scattering aproximation between
dipoles in the colliding onia ceases to become valid and double and higher num-
ber of scatterings may become important.
In this paper, we make this dipole picture of high energy scattering explicit
by calculating onium-onium scattering in the way described above. The result
here is not new[1]. We also carry out the double dipole scattering, the two
pomeron exchange term. This result is new and is given by (5), (8), (43) and
(51).
We also calculate the triple pomeron coupling, still in the large Nc limit
and in the leading logarithmnic approximation. As with the two pomeron
contribution discussed above our result, eq.(61), depends on the quantity Vν ,
given by (43). We have not been able to get an analytic expression for Vν , or
even for V0 which appears in (61). However, (43) is easily invertible for Vν and
a numerical evaluation of V may be possible.
Our discussion in this paper has been restricted to onium-onium scatter-
ing. As regards the triple pomeron coupling we view the use of onium-onium
scattering as a device to obtain this more universal quantity. There are known
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physical processes where a single BFKL pomeron exchange gives the correct
physics[4-9]. We expect that the discussion given here could be repeated for
those processes.
2. Single Pomeron Exchange in Onium-Onium Scattering
In this section we consider onium-onium scattering in the leading logarith-
mic approximation. The discussion here is a slight extension of ref.[9], and as
in that reference we find it convenient to use ψ
(0)
αβ (k¯1
, z1), the onium light-cone
wavefunction** with no soft gluons. α and β are the spin indices of the quark
and antiquark respectively while k
¯1
and z1 p+ are the transverse and light-cone
momenta of the antiquark with p the onium momentum. We suppose p
¯
= 0.
The wavefunction
ψ
(0)
αβ (x¯01
, z1) =
∫
d2k1
(2π)2
eik¯1
·x
¯01ψ
(0)
αβ (k¯1
, z1) (1)
is in a mixed representation. We suppose the quark has transverse coordinate
x
¯0
and the antiquark transverse coordinate x
¯1
, and we define x
¯01
= x
¯1
− x
¯0
. It
is also useful to define
Φ(0)(k
¯
, z) = Σαβ |ψ(0)αβ (k¯, z)|
2 (2)
and
Φ(0)(x
¯
, z) = Σαβ |ψ(0)αβ (x¯, z)|
2 (3)
where
∫
d2k
¯
(2π)2
∫ 1
0
dz Φ(0)(k
¯
, z) =
∫
d2x
¯
∫ 1
0
dz Φ(0)(x
¯
, z) = 1. (4)
** An approach similar to that given in [9] has recently been given by N.N. Nikolaev, B.G.
Zakharov and V.R. Zoller, KFA-IKP preprint (January 1994) and by N.N. Nikolaev and B.G.
Zakharov KFA-IKP preprint (January 1994). I wish to thank E.M. Levin for bringing this work
to my attention. These authors also emphasize a dipole picture of high energy hard scattering.
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2.1 THE TWO GLUON EXCHANGE APPROXIMATION
To set our normalization we now evaluate the forward onium-onium scat-
tering amplitude in the two gluon approximation. The process is illustrated in
Fig.1 where one of the relevant graphs is shown. We suppose p+ = p
′
−
are the
large momenta with p
¯
= p
¯
′ = 0. Let A be the scattering amplitude normalized
according to
dσ
dt
=
1
4π
|A|2. (5)
A can be evaluated in terms of the scattering of the free quark-antiquark pair
(p − k1, k1) on the free quark-antiquark pair (p′ − k′1, k′1) since the time of
interaction between the two systems is very short compared to the time scales
in the onium wavefunctions. For example, the sum of all graphs where the
scattering is only between quark k1 and quark k
′
1 is given by
Aqq = −i
∫
d2k1
(2π)2
∫ 1
0
dz1
∫
d2k′1
(2π)2
∫ 1
0
dz′1Φ(k¯1
, z1)Φ(k
¯
′
1, z
′
1)a (6)
with a the forward quark-quark scattering amplitude given by
a =
−1
2
α2
∫
d2ℓ
[ℓ
¯
2]2
, (7)
where the color factor
N2c−1
4N2c
has been set equal to 1/4. a is infrared divergent
but this divergence will disappear when the other graphs are included. The
final answer is most compactly given in transverse coordinate space as
A = −i
∫
d2x01d
2x′01
∫ 1
0
dz1dz
′
1Φ(x¯01
, z1)Φ(x
¯
′
01, z
′
1)F (8)
with
F = −α
2
2
∫
d2ℓ
[ℓ
¯
2]2
(2− e−iℓ¯·x¯01 − eiℓ¯·x¯01)(2− e−iℓ¯·x¯
′
01 − eiℓ¯·x¯
′
01). (9)
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(Eqs.(7) and (9) are derived in the Appendix.) The infrared divergence is now
removed.
2.2. THE DIPOLE DENSITY IN AN ONIUM STATE
Eqs.(8) and (9) express the onium-onium scattering amplitude as the scat-
tering of two dipoles each made of the heavy quark-antiquark pair comprising
an onium wavefunction. In the large Nc limit and in the leading logarithmnic
approximation the complete, multi-gluon, wavefunction of an onium state can
be viewed as a collection of dipoles since each gluon acts like a quark-antiquark
pair. In this section we calculate the density of such dipoles in the onium wave-
function. In the next section that dipole density will be used to calculate high
energy onium-onium scattering in a very physical way.
We define n(x10, x, Y ) such that
N(x, Y ) =
∫
d2x01
∫ 1
0
dz1Φ(x01, z1)n(x01, x, Y ) (10)
is the number density of dipoles of transverse coordinate separation x with the
smallest light-cone momentum in the pair greater than or equal to e−Y p+ where
p+ is the light-cone momentum of the onium. then
∫
∞
0
dx
x
N(x, Y ) gives the total
number of dipoles in the onium state satisfying the longitudinal momentum
constraint given above. n obeys the integral equation
n(x01, x, Y ) = exp
{
−4αCF
π
ln (x01/ρ)Y
}
xδ(x− x01) + 4αCF
π
∫ Y
0
dy
·exp
{
−4αCF
π
ln (x01/ρ) (Y − y)
}
K˜(x01, x12)dx12n(x12, x, y). (11)
This equation is identical in form to that of eq.(24) of ref[9] except for the
inhogeneous term which reflects the fact that the dipole can be formed from the
valence heavy quark-antiquark pair without any soft gluons in the wavefunction.
The kernel K˜ is given by eq.(25) of ref[9], and we remind the reader that ρ is
an ultraviolet cutoff which will soon be set to zero. Eq.(11) is schematically
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illustrated in Fig.2 where the double line, labelled by 2, is a gluon resolved into
its quark and antiquark components in the large Nc approximation.
Eq.(11) is easily solved by writing
n(x01, x, Y ) =
∫
dω
2πi
eωY nω(x01, x) (12)
where the ω integral goes parallel to the imaginary axis and to the right of any
ω-singularities in nω. Using (12) in (11) one finds
nω(x01, x) =
xδ(x01 − x)
ω
+
4αCF
πω
∫
dx12K(x01, x12)nω(x12, x) (13)
where
K(x01, x12) = K˜(x01, x12)− δ(x01 − x12) ln(x01/ρ) (14)
is the BFKL kernel in the limit ρ→ 0. to solve (13) write
nω(x10, x) =
∫
dν
2π
(x01/x)
1+2iνnνω (15)
where the ν-integral goes along the real axis. Using
∫
dx12K(x01, x12)x
1+2iν
12 = χ(ν)x
1+2iν
10 (16)
with
χ(ν) = ψ(1)− 1
2
ψ(
1
2
+ iν) − 1
2
ψ(
1
2
− iν) (17)
where ψ(x) = Γ′(x)/Γ(x), we find from (13)
nνω =
2
ω − 4αCF
π
χ(ν)
. (18)
Using (18) it is easy to determine n(x01, x, Y ) as
6
n(x01, x, Y ) =
1
2
(x01/x)
e(αP−1)Y√
7αCF ζ(3)Y
exp{− π ln
2 x01/x
28αCF ζ(3)Y
} (19)
in the saddle point approximation in ν so long as ln x01/x << αCFY. αP − 1
= 8αCF ln 2π .
2.3. SINGLE POMERON EXCHANGE FOR ONIUM-ONIUM SCATTERING
IN TERMS OF DIPOLE-DIPOLE SCATTERING
We now consider onium-onium scattering. We may write the onium-onium
forward scattering amplitude as in (8), but where F is now given by
F = −α
2
2
∫
d2ℓ
[ℓ
¯
2]2
n(x01, x, Y/2)n(x
′
01, x
′, Y/2)
d2x′d2x
4π2x2x′2
·(2− e−iℓ¯·x¯ − eiℓ¯·x¯)(2− e−iℓ·x¯
′ − eiℓ¯·x¯
′
). (20)
Eq.(20) expresses the onium-onium forward scattering amplitude in terms
of the product of the dipole number densities in each of the onium states times
the dipole-dipole scattering amplitude given by (19). We view the process in the
center of mass system so that the Y/2 argument in the n’s in (20) reflects the
requirement that the dipoles which partake in the scattering be moving in the
same direction as the onia of which they are (respectively) a part. We have let
our normal integration factor dx/x become
d2x
¯2πx2 in order to take into account
the fact that the dipole-dipole scattering is dependent on the orientation of the
dipoles. n does not depend on the dipole orientation, however.
After evaluating the angular integrals in (20) and using (19) we arrive at
F =
−2πα2x01x′01e(αP−1)Y
7αCF ζ(3)Y
I (21)
where
7
I =
∫
∞
0
dx
x2
dx′
x′2
dℓ
ℓ3
(1− J0(ℓx))(1− J0(ℓx′))exp{−a(ln2 x01/x+ ln2 x′01/x′)} (22)
with
a = a(Y ) = [14
αCF
π
ζ(3)Y ]−1. (23)
I is easily evaluated by rescaling x and x′ so that
I =
∫
∞
0
du
u2
dv
v2
dℓ
ℓ
(1− J0(u))(1− J0(u))exp{−a(ln2 x01ℓ
u
+ ln2
x′01ℓ
v
)}. (24)
In the leading logarithmic approximation we can neglect u and v in the expo-
nential term on the right-hand side of (24). Using
∫
∞
0
du
u2
(1− J0(u) = 1
we find
I =
√
7αCF ζ(3)Y , (25)
so long as | ln(x′01/x01)| << a−1/2. Thus, the forward onium-onium scattering
amplitude is given by (8) with
F = −2πx01x′01
e(αP−1)Y√
7αCF ζ(3)Y
. (26)
Eqs.(8) and (26) express the forward onium-onium scattering amplitude in
terms of the BFKL pomeron. Indeed, this process is similar to that origi-
nally considered by Balitsky and Lipatov[1]. However, (20) shows that we may
also view the process as the scattering of two dipoles in the onia by means of a
2-gluon exchange.
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3. Double Pomeron Exchange in Onium-Onium Scattering
In this section, we generalize our discussion to include double pomeron
exchange in high energy scattering. In the dipole picture of onium-onium scat-
tering two pomeron exchange corresponds to the independent scatterings of two
dipoles in each of the onia. Our first task is to calculate the number density for
a pair of dipoles to be found in the light-cone wavvefunction of an onium state.
3.1 THE DIPOLE PAIR DENSITY IN AN ONIUM STATE
In analogy with n(x10, x, Y ) defined in (10) we introduce
n2(x
¯01
, x
¯a
, x
¯b
, Y, q
¯
) as the dipole pair density in an onium state. The two dipoles
have transverse coordinate separation x
¯a
and x
¯b
, respectively. Y has exactly the
same meaning as before and q is the transverse momentum carried by each of
the dipoles. (That is, one of the dipoles has transverse momentum q
¯
while the
other has transverse momentum −q
¯
, with q = |q
¯
|.) The equation which governs
n2 is
n2(x
¯01
, x
¯a
, x
¯b
, Y, q
¯
) =
2αCF
π2
∫
x201d
2x2
x202x
2
12
∫ Y
0
exp{−4αCF
π
ln(
x01
ρ
)(Y − y)}dy eiq¯
·x
¯01
/2
·n(x
¯02
, x
¯a
, y, q
¯
)n(x
¯12
, x
¯b
, y, q
¯
) +
2αCF
π2
∫ Y
0
dy exp{−4αCF
π
ln(
x01
ρ
)(Y − y)}
·
∫
x201d
2x2
x202x
2
12
n2(x
¯12
, x
¯a
, x
¯b
y, q
¯
). (27)
The factor of 2 in front of the first term on the right-hand side of (27) ac-
counts for an identical term with x
¯a
↔ x
¯b
. The process is illustrated in Fig.3.
The factor e
iq
¯
·x
¯01
/2
= ei
q
2¯
[(x
¯0
+x
¯2
)−(x
¯1
+x
¯2
)] corresponds to the dipole transverse
momentum while n(x
¯
, x
¯
′, y, q
¯
) is defined as in sec.2.2 except that now there is
a nonzero transverse momentum, q, so that
n(x
¯
, x
¯
′, y, q
¯
) =
∫
dω
2πi
eωY
∫
dν
2π
(x/x′)
1
2
E0ν∗q (x¯
′)E0νq (x¯
)nνω (28)
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with nνω as given in (18) and with E
0ν
q given in ref.[3] as
E0νq (x¯
) =
2π2
xbν
∫
d2R
¯
eiq¯
·R
¯E
0ν(R
¯
+ x
¯
/2,R
¯
− x
¯
/2) (29)
where
E0ν(R
¯
+ x
¯
/2,R
¯
− x
¯
/2) =
[
x
|R
¯
+ x
¯
/2||R
¯
− x
¯
/2|
]1+2iν
. (30)
bν is given in ref.[3] and has the property
bν −→
ν→0
−iπ3/ν.
In order to solve (27) it is useful to have a convenient form for n for large
y. From (18) and (28) one finds
n(x
¯
, x
¯
′, y, q
¯
) =
π
2
x e(x
¯
, q
¯
)
1
x′
e(x
¯
′, q
¯
)
e(αP−1)yexp{−a
2
ln2 x/x′}
[7αCF ζ(3)y]3/2
(32)
for large y with a=a (y) given by (23) and where
e(x
¯
, q
¯
) =
1
2π
∫
d2R
¯
eiq¯
·R
¯
|R
¯
− x
¯
/2||R
¯
+ x
¯
/2| . (33)
Using (32) in (27) and defining n2(x01, Y, q) by
n2(x01, Y, q)exp{−a
2
(ln2 x01/xb + ln
2 x01/xa)} 1
xa
e(x
¯a
, q
¯
)
1
xb
e(x
¯b
, q
¯
)
=
∫ 2π
0
dφ(x
¯01
)
2π
n2(x
¯01
, x
¯a
, x
¯b
, Y, q
¯
), (34)
with φ(x
¯01
) the angular orientation of x
¯01
, one finds
n2(x01, Y, q) =
πx201
8[ln(x01/ρ) + 4 ln 2]
∫
d2x2
x02x12
J0(qx01/2)e(x
¯12
, q
¯
)e(x
¯02
, q
¯
)
e2(αP−y)Y
[7αCF ζ(3)Y ]3
+
4αCF
π
∫
K˜(x01, x12)dx12
∫ Y
0
dy exp{−4αCF
π
ln(x01/ρ)(Y − y)}
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n2(x12, y, q). (35)
where we have used the fact that x01/x02 and x01/x12 do not vary too far from
1 in order to cancel the “diffusion” terms in (35). This is correct so long as q
is not too small. Using
e2(αP−1)Y
Y 3
= −1
2
∫
dω
2πi
eωY [2(αP − 1)− ω]2 ln[ω − 2(αP − 1)] (36)
and defining
n2(x01, Y, q) =
∫
dω
2πi
n2ω(x01, q)e
ωY (37)
along with
Iω =
−π[2(αP − 1)− ω]2 ln[ω − 2(αP − 1)]
16[ln(x01/ρ) + 4 ln 2][7αCF ζ(3)]3
∫
d2x2
x02x12
J0(qx
¯01
/2)e(x
¯12
, q
¯
)e(x
¯02
, q
¯
)
(38)
gives
n2ω(x01, q) = x
2
01Iω +
4αCF /π
ω + 4αCFπ ln(x01/ρ)
∫
dx12K˜(x01, x12)n2ω(x12, q). (39)
One can recast (39) to read
n2ω(x01, q) = x
2
01Iω
[
1 +
4αCF
πω
ln(
x01
ρ
)
]
+
4αCF
πω
∫
dx12K(x01, x12)n2ω(x12, q).
(40)
Eq.(40) is easily solved by writing
n2ω(x01, q) = x
2
01
∫
dν
2π
(q x01)
−1+2iνn2νω. (41)
We arrive at
n2νω = −π[2(αP − 1)− ω]
2 ln[ω − 2(αP − 1)]Vν
16[4 ln 2− χ(ν)][7αCF ζ(3)]3 (42)
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where
∫
d2x2
x02x12
J0(qx01/2)e(x
¯12
, q
¯
)e(x
¯02
, q
¯
) =
∫
dν
2π
(qx01)
−1+2iνVν (43)
and where we have taken the limit ρ → 0 in the first term on the right-hand
side of (40). Using (37), (41) and (42) one obtains
n2(x01, Y, q) =
πx201e
2(αρ−1)Y
8(7αCF ζ(3)Y )3
∫
dν
2π
(q x01)
−1+2iν Vν
4 ln 2− χ(ν) . (44)
Eqs.(34) and (44) give n2(x
¯01
, x
¯a
, x
¯b
, Y, q
¯
), averaged over angles of x
¯01
, in the
leading logarithmnic approximation so long as ln( 1
qx01
) <<
√
αY . (When qx01
becomes too small our replacement of exp{−a2 (ln2 x12/xa + ln2 x12/xb)} by
exp{−a2 (ln2 x01/xa + ln2 x01/xb)} in using (34) in (27) is not reliable.)
3.2. THE DOUBLE SCATTERING CONTRIBUTION TO THE ONIUM-
ONIUM AMPLITUDE
In this section we shall use the dipole pair density to calculate the onium-
onium forward scattering amplitude when two pomerons are exchanged. The
exchange of two pomerons corresponds to the double scattering approximation
in terms of dipoles of one onium state scattering on dipoles of the other onium
state. The forward scattering amplitude can be written as in (8) with F now
given by
F =
1
2!
∫
d2q
(2π)2
n2(x
¯01
, x
¯a
, x
¯b
, Y/2, q
¯
)n2(x
¯
′
01, x¯
′
a, x¯
′
b, Y/2,−q
¯
)
· d
2xad
2x′a
(2πxax′a)
2
d2xbd
2x′b
(2πxbx′b)
2
{−α
2
2
d2ℓa
ℓ
¯
2
a(ℓ¯a
− q
¯
)2
d(ℓ
¯a
, q
¯
, x
¯a
)d(ℓ
¯a
, q
¯
, x
¯
′
a)}
·{−α
2
2
d2ℓb
ℓ
¯
2
b(ℓ¯b
+ q
¯
)2
d(ℓ
¯b
,−q
¯
, x
¯b
)d(ℓ
¯b
,−q
¯
, x
¯
′
b)} (45)
where
12
d(ℓ
¯
, q
¯
, x
¯
) = eiq¯
·x
¯
/2 + eiq¯
·x
¯
/2 − ei(ℓ¯−q¯
/2)·x
¯ − e−i(ℓ¯−q¯
/2)·x
¯. (46)
The appearance of d2q in (45) is discussed in the Appendix. The two {}-
terms in (45) give the dipole-dipole scattering as in (9) except for the nonzero
momentum transfer in the present case. Eq.(45) looks very complex especially
when one recalls that n2 is given by (34) and (44). However, in the leading
logarithmic approximation there are important simplifications. In the leading
logarithmic approximation xa, xb · ·· << 1/q and ℓa, ℓb >> q. This means that
we may set q
¯
= 0 in d(ℓ
¯
, q
¯
, x
¯
), drop q
¯
in (ℓ
¯a
− q
¯
)2 and in (ℓ
¯b
− q
¯
)2, and use the
asymptotic expression
e(x
¯
, q
¯
) ≈ ln( 1
qx
). (47)
Since F, as given by (45), is to be used in (8) we may take an average over the
angles of x
¯01
and x
¯
′
01. Then the integrals in (45) factorize between the a and b
dipole scatterings, except for a coupling through the q-dependence. Thus,
F =
π2(x01x
′
01)
2e2(αρ−1)Y
2(7αCF ζ(3)Y )6
∫
dνdν′
4π2
VνVν′
[4 ln 2− χ(ν)][4 ln 2− χ(ν′)]
·
∫
d2q
4π2
(qx01)
−1+2iν(qx′01)
−1+2iν′J2 (48)
where
J = 4πα2
∫
∞
0
dxdx′
(xx′)2
∫
∞
q
dℓ
ℓ3
(1− J0(ℓx))(1− J0(ℓx′)) ln( 1
qx
)ℓn(
1
qx′
)
·exp{−a(ln2 x01/x+ ln2 x′01/x′)}. (49)
It is straightforward to evaluate J in a manner similar to that used in evaluating
I in sec.2.3. We find
J = α2(7αCF ζ(3)Y )
3/2 (50)
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where we have dropped nonleading terms in Y. Using (7) in (9) and carrying
out the q-integration yields
F =
α4e2(αρ−1)Y x01x
′
01
16[7αCF ζ(3)Y ]3
∫
dν
(x01/x
′
01)
2iνVνV−ν
[4 ln 2− χ(ν)]2 . (51)
Eq.(51) along with(8) gives the two pomeron exchange contribution to onium-
onium scattering . It would be very interesting to numerically compare the
magnitudes of (26) and (51) to see at what values of Y two pomeron exchange
becomes as important as one pomeron exchange. Eq,(43) is easily inverted to
give Vν , however, we have been unable to find a simple formula for Vν .
4. The Triple Pomeron Coupling
In this section we calculate the triple pomeron coupling. As always our cal-
culation is carried out in the large Nc limit. Whether or not 1/Nc corrections
to this quantity are calculable, in principle, is not clear[11]. Our procedure of
calculation is as follows. (i) We first calculate the dipole pair density in an
onium state but where we require the high momentum part of the longitudi-
nal momentum evolution, between rapidities Y and y¯, to be given by a single
pomeron while evolution between y¯ and 0 be given by two pomerons. (ii) We
then couple the two dipoles to separate onia states and use the resulting ex-
pression to calculate large mass diffractive excitation, the process traditionally
used to define the triple pomeron coupling.
Let n¯2 be the dipole pair correlation in an onium state where the two
dipoles have transverse coordinate separations x
¯a
and x
¯b
while the smallest
light-cone momentum of a gluon making up part of either pair is e−Y p+ with
p+ the onium momentum. We further require that the longitudinal momentum
evolution from the scale p+ to the scale e
(Y−y¯)p+ be that of single pomeron
evolution while evolution below that scale be given by two independent pomeron
evolutions. Then n¯2 obeys the equation
n¯2(Y, y¯, x
¯01
, x
¯a
, x
¯b
, q
¯
) =
2αCF
π2
∫
x201d
2x2
x202x
2
12
exp{−4αCF
π
ln(x01/ρ)(Y − y¯)}eiq¯
·x
¯01
/2
14
n(x
¯02
, x
¯a
, y¯, q
¯
)n(x
¯12
, x
¯b
, y¯, q
¯
) +
2αCF
π2
∫
x201d
2x2
x202x
2
12∫ Y
y¯
dy exp{−4αCF
π
ln(x01/ρ)(Y − y)}n¯2(y, y¯, x
¯12
, x
¯a
, x
¯b
, q
¯
) (52)
where, as before, q is the transverse momentum carried by each of the dipoles.
Eq.(42) is illustrated in Fig.4. Defining n2(Y, y¯, x01, q) exactly as in (34) one
finds
n¯2(Y, y¯, x01, q) =
αCF e
2(αP−1)y¯x201
2(7αCF ζ(3)y¯)3
exp{−4αCF
π
ln(x01/ρ)(Y − y¯)}
∫
d2x2
x02x12
J0(qx01/2)e(x
¯12
, q
¯
)e(x
¯02
, q
¯
) +
4αCF
π
∫
K˜(x01, x12)dx12
∫ Y
y¯
dy exp{−4αCF
π
ln(x01/ρ)(Y − y)}n¯2(y, y¯, x12, q). (53)
Going to the ω-plane by defining
n¯2(Y, y¯, x01, q) = x
2
01
∫
dω
2π
eω(Y−y¯)(x01q)
−1+2iν dν
2π
n¯2νω(y¯) (54)
we obtain
n¯2νω(y¯) =
αCFVνe
2(αP−1)y¯
2(7αCF ζ(3)y¯)3(ω − 4αCFπ χ(ν))
. (55)
From (55) it follows that
n¯2(Y, y¯, x01, q) =
αCFV0x01e
(αP−1)(Y−y¯)+2(αP−1)y¯
8q
√
7αCF ζ(3)(Y − y¯)[7αCF ζ(3)y¯]3
. (56)
The 3 onium → 3 onium amplitude is given by
A6 = −i
∫
d2x01d
2xd2x′
∫ 1
0
dz1dzdz
′Φ(x01, z1)Φ(x, z)Φ(x
′, z′)F6 (57)
with
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F6 =
∫
n¯2(Y − y¯/2, y¯, x
¯01
x
¯a
, x
¯b
, q
¯
){−α
2
2
d2ℓa
ℓ
¯
2
a(ℓ¯a
− q
¯
)2
d(ℓ
¯a
, q, x
¯a
)d(ℓ
¯a
, q
¯
, x
¯
′
a)}.
·{−α
2
2
d2ℓ
¯b
ℓ2b(ℓ¯b
− q)2 d(ℓ¯b, q¯
, x
¯b
)d(ℓ
¯b
, q
¯
, x
¯
′
b)}
d2xad
2x′a
(2πxax′a)
2
d2xbd
2x′b
(2πxbx
′
b)
2
·n(x
¯
, x
¯
′
a, y¯/2, q
¯
)n(x
¯
′, x
¯
′
b, y¯/2, q
¯
) (58)
where n(x
¯
, x
¯
′, y, q
¯
) is given in (32). A6 is illustrated in Fig.5. Eq.(58) is evalu-
ated, using (56), in a manner almost identical to that used in evaluating (45).
The result is
F6 =
2π2α5CFV0
q
x01xe(x
¯
, q
¯
)x′e(x
¯
′, q
¯
)
e(αP−1)(Y−y¯)√
7αCF ζ(3)(Y − y¯)
e2(αP−1)y¯
(7αCF ζ(3)y¯)3
(59)
where V0 = Vν |ν=0 with Vν given by (43). Unfortunatly, we have not been able
to determine a definite value for V0.
The triple pomeron coupling is clearly determined by V0. However, when
the pomeron is not a simple pole there is no unique way to normalize the
triple pomeron coupling. To exhibit the relationship between V0 and a physical
process we need to relate F6 to such a process. One such way to do this would be
to use F6 to determine the diffractive part of the double scattering contribution
to nuclear shadowing where, of course, our “nucleus” would be a nucleus made
of onia. Perhaps a better process is the diffractive dissociation process onium
(p) + onium (p′) → onium (p′ − q) +X where M2 = (p + q)2 is much larger
than the onium mass squarred, but where M2 is much less than s = (p+ p′)2.
In order to do this we need to assume the AGK cutting rules[12] which relate
the value of F6 to the discontinuity, in the variable M
2, producing diffractive
dissociation. The AGK rules say that 12idiscM2A6 = −ImA6. Thus,
dσ
dy¯
= −2ImA6 d
2q
(2π)2
(60)
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The factor d
2q
(2π)2 occurs for reasons discussed in the Appendix. Using dy¯ =
dM2
M2
we obtain
M2
dσ
dtdM2
=
e(αP−1)(Y−y¯)√
7αCF ζ(3)(Y − y¯)
e2(αP−1)y¯
(7αCF ζ(3)y¯)3
2α5πCFV0
R√−tΦ
2(q) (61)
with q =
√−t and where
R = 2
∫
d2x
∫ 1
0
dz Φ(x, z)x. (62)
Also,
Φ(q) =
∫
d2x
∫ 1
0
dz Φ(x, z)x e(x
¯
, q
¯
). (63)
For reference, we note that for elastic onium-onium scattering
dσ
dt
=
e2(αP−1)Y
(7αCF ζ(3)Y )3
α4Φ4(q). (64)
The 1/
√−t factor in (61) is perhaps surprising. Such a factor means that
the triple pomeron coupling is singular at t=0. There is also a mild, logarithmic,
singularity in Φ(q) as q → 0. It is also perhaps worthwhile to note that in writing
(53) we have assumed that the xa and xb dependence of n¯2(Y, y¯, x
¯01
, x
¯
, q
¯
) is
given by an equation essentially identical to (34). This may appear an unnatural
assumption, especially if Y − y¯ ≈ y¯/2 since one might expect that the transverse
coordinate separation at the point of joining of the three pomerons has diffused
far from the size x01 characterizing the onium state p. If xc is the transverse
coordinate separation characterizing the point of joining of three pomeron we
might expect ln2 xc/x01 ∼ 14αCF ζ(3)(Y−y¯)π [2]. However, because of the nonzero
q it is necessary that xc ≤ 1/q while short distances are suppressed at the
connection point, as is apparent from (52). Thus, xc is determined by the
size 1/q. In order that (53) be correct we need to require that | ln2 x01/xa −
ln2 1/qxa| << a(y¯)−1 thus allowing the exponential part of the xa dependence
to be given in terms of x01 as in (34). This requires
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ln2 qx01 <<
14αCF ζ(3)y¯
π
(65)
to be satisfied when using (59) or (61).
Appendix
In sec.2, we have viewed high energy onium-onium scattering in terms of
the lowest order color neutral exchange of two gluons between left-moving and
right-moving dipoles found in the colliding onium states. This is expressed in
(20). Our purpose in this section is to derive the elementary dipole scattering
amplitude, (9), and provide the necessary generalizations for sections 3 and 4.
We begin by referring to Fig.1 where two gluons are exchanged between
two onium states. In the center of mass system and at high energies the gluons
are exchanged over a period of time short compared to the, dilated, interaction
times within the individual onium states. Thus, during the actual time the
gluons are being exchanged one can view the onia simply as two free quark-
antiquark pairs, or color dipoles. The calculation leading to (7) and (9) can
be done in terms of the scattering of a free quark-antiquark pair (dipole) on a
free quark-antiquark pair (dipole). The three classes of graphs which occur are
illustrated in Fig.6, where we label momenta in such a way that the two dipoles
do not exchange momenta. The contribution of the graph shown in Fig.6a is
Ga =
g4/4
2k1+2k′1−
∫
[u˜(k1)γµγ · (k1 + ℓ)γνu(k1)][u˜(k1)γµγ · (k′1 − ℓ)γνu(k′1)]
d4ℓ
(2π)4
(2π)3δ3(k1 − k¯1)(2π)3δ3(k′1 − k¯′1)
[(k1 + ℓ)2 + iǫ][(k
′
1 − ℓ)2 + iǫ][ℓ2 + iǫ]2
d3k1
(2π)3
d3k¯1
(2π)3
d3k′1
(2π)3
d3k¯′1
(2π)3
+ · · · (A.1)
where the δ-functions refer to the disconnected lines and δ3(k1− k¯1) = δ(k1+−
k¯1+)δ(k
¯1
− k¯
¯1
) while δ3(k′1 − k¯′1) = δ(k′1− − k¯1−)δ(k¯
′
1 − k¯¯
′
1). That is, for the
unprimed dipole k
¯
and k+ are the momenta labelling these right-movers while
for the primed dipole k
¯
′
1 and k
′
−
are the momenta labelling these left-movers.
Adding in the crossed graph to the expression in (A.1) one finds
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Ga = −α
2
2
∫
d2ℓ
[ℓ
¯
2]2
d3k1
(2π)3
d3k′1
(2π)3
(A.2)
as in (7) except for the extra phase space factors.
Now turn to the graph shown in Fig.6c for which one has the expression
Gc = −g4/4[u˜(p− k¯1)γµu(p− k1)][v˜(k′1)γνv(k¯′1)]
·[u˜(p′ − k¯′1)γµu(p′1 − k′1)][v˜(k′1)γνv(k¯′1)]
[2k1+2(p− k1)+2k′1−2(p′1 − k′1)−[(k1 − k¯1)2 + iǫ]2]−1(2π)4δ4(k1 + k′1 − k¯1 − k¯′1)
· d
3k1
(2π)3
d3k¯1
(2π)3
d3k′1
(2π)3
d3k¯′1
(2π)3
. (A.3)
One can integrate d3k¯′1dk¯1+ to eliminate the δ-function in (A.3). Define ℓ¯
=
k¯
¯1
− k
¯1
. Then
Gc = −α2
∫
d2ℓ
[ℓ
¯
2]2
d3k1
(2π)3
d3k′1
(2π)3
. (A.4)
When going to transverse coordinate space, with x
¯01
congugate to k
¯1
, and
x
¯
′
01 conjugate to k¯
′
1, (A.2) corresponds to the term obtained by taking the first
term in each of the factors on the right-hand side of (9). The factor of 4 counts
the number of one-loop contributions involving only a pair of partons. The term
(A.4) corresponds to terms like e−iℓ¯
·x
¯01
+iℓ
¯
·x
¯
′
01 and eiℓ¯
·x
¯01
−iℓ
¯
·x
¯
′
01 in (9). Factors
having e−iℓ¯
·x
¯01
−iℓ
¯
·x
¯
′
01 and eiℓ¯
·x
¯01
+iℓ
¯
·x
¯
′
01 come from terms where the quark in p
interacts with an antiquark in p′ and the antiquark in p interacts with a quark
in p′. Graphs of the types shown in Fig.6b account for factors e−iℓ¯
·x
¯01 etc.
The crucial point to emerge from this analysis is that only a factor d
2ℓ
(2π)2
remains from the factor d
4ℓ
(2π)4
which appears in writing down Feynman diagrams.
The reduction of d
4ℓ
(2π)4 to
d2ℓ
(2π)2 occurs in a different manner for the different
contributions. For the contribution shown in Fig.6a contour distortions over
the two fermion poles in the one-loop graph eliminate dℓ+dℓ− while for graphs
like those in Fig.6c energy momentum δ-functions eliminate the longitudinal
integrations.
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When two pairs of gluons are exchanged between pairs of dipoles in each
of two colliding onia the same result holds for each and every exchanged mo-
mentum. For example, in the circumstance discussed in sec.3 where q is the
momentum transfer from a single dipole in one onium to a single dipole in the
second onium state by a pair of gluons, the disconnected nature of the gluon
exchanges eliminates dq+dq−
(2π)2
exactly as for the contribution Gc above. Thus
the factor d
2q
(2π)2 naturally appears in (45).
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